Primordial magnetic field (PMF) is one of the feasible candidates to explain observed large-scale magnetic fields, for example, intergalactic magnetic fields. We present a new mechanism that brings us information about PMFs on small scales based on the abundance of primordial black holes (PBHs). The anisotropic stress of the PMFs can act as a source of the super-horizon curvature perturbation in the early universe. If the amplitude of PMFs is sufficiently large, the resultant density perturbation also has a large amplitude, and thereby, the PBH abundance is enhanced. Since the anisotropic stress of the PMFs is consist of the square of the magnetic fields, the statistics of the density perturbation follows the non-Gaussian distribution. We use a Monte-Carlo method to obtain an exact probability density function of the density perturbation induced by PMFs. Finally, we place the strongest constraint on the amplitude of PMFs as a few hundred nano-Gauss on 10 2 Mpc −1 ≤ k ≤ 10 18 Mpc −1 where the typical cosmological observations never reach.
Introduction
Magnetic fields are ubiquitous in the Universe. Recent observations imply the existence of large-scale magnetic fields, especially, the intergalactic and/or void magnetic fields (see e.g., Refs. [1] [2] [3] [4] [5] [6] and references therein). Although the origin of the intergalactic magnetic fields has not been revealed yet, a bunch of theories on the generation of large-scale magnetic fields are proposed (see e.g., Refs. [7] [8] [9] for reviews).
The generation mechanism of magnetic fields are classified into two categories. One is the astrophysical scenario, which is driven by the dynamics of the astrophysical objects (e.g., Refs. [10] [11] [12] [13] ). This scenario seems to work well for small-scale magnetic fields, below galactic scales. However it would be difficult to explain large-scale magnetic fields such as magnetic fields in galaxy clusters and large-scale filaments, because of the limited both length and time scales for the generation mechanism. Another scenario for large-scale magnetic fields is the primordial origin in which the seed field, namely, primordial magnetic fields (PMFs), is generated in the early universe, especially before the epoch of cosmic recombination. Since the generation mechanism owes to cosmological phenomena, the resultant PMFs could be on cosmological scales. Therefore, the PMF scenario is attractive for the origin of observed large-scale magnetic fields. In addition, interestingly, observed intergalactic (void) magnetic fields might be considered as the direct evidence of PMFs. The future analysis of the Faraday Rotation Measure from Fast Radio Bursts would distinguish whether observed magnetic fields are the initial seed origin or astrophysical origin [14, 15] .
One of the most interesting scenarios for the generation of the primordial magnetic fields is the inflationary magnetogenesis. In such a scenario, the super-horizon scale magnetic fields can be generated from quantum fluctuations as well as curvature perturbations or primordial gravitational waves. Since Maxwell's theory is invariant under the conformal transformation, the success of inflationary magnetogenesis is required new interaction between electromagnetic fields and any other fields which breaks a conformal invariance, e.g., Refs. [16] [17] [18] [19] [20] [21] [22] . Other possibilities of primordial magnetogenesis have also discussed even in the post-inflation era, e.g., based on the Harrison mechanism [23] [24] [25] [26] [27] , or the bubble collision/turbulence in the cosmological phase transitions [28] [29] [30] [31] . While many authors have been tackled to construct a magnetogenesis model, there are a few candidates for the succeeded model, e.g. Ref. [32] . To not only distinguish models but also to obtain a hint of generation mechanism and physics in the early universe, we need to survey the effects of PMFs on the cosmological observations seriously.
The effects of PMFs on cosmological observations have been discussed in many works of literature. For instance, if PMFs exist during the Big Bang Nucleosynthesis (BBN) epoch, the abundance of the light elements is heavily modified [33] [34] [35] [36] . The upper limit from BBN on the present strength of PMFs is 1.5 × 10 3 nG [35] . PMFs can be a source of the CMB temperature and polarization anisotropies in various ways [37] [38] [39] [40] [41] [42] [43] [44] , large-scale structure of the Universe [45] [46] [47] [48] , and in particular, the detailed analysis of the magnetohydrodynamic effect on CMB temperature anisotropy gives an upper limit on the amplitude of PMFs as 47 × 10 −3 nG [49] . Note that the upper limit from CMB anisotropy is sensitive to PMFs at O(Mpc) sales. PMFs release their energy via the dissipation into the CMB photons, and the injected energy distorts the CMB spectrum [50, 51] . The upper limit from the CMB spectral distortion is 30 nG on the dissipation scale of PMFs [52, 53] . Alternatively, the upper limit on PMFs by using 21cm radiation has been discussed in Refs. [54] [55] [56] [57] . Since the anisotropic stress of PMFs induces gravitational waves, direct detection of gravitational wave background can constrain the amplitude of PMFs on a very small scale through the Pulsar Timing Arrays (PTAs) [58, 59] . Thus, even though the upper limit on large-scale PMFs is well established by CMB observations, that on small-scale PMFs is still developing.
In this paper, we propose a new method to constrain relatively small-scale PMFs based on primordial black hole (PBH) abundance. The PBH is formed through the gravitational collapse of an overdense region in the early Universe, and such overdense region can stochastically exist due to the primordial curvature fluctuations with a large amplitude [60] [61] [62] [63] . In particular, in the radiation-dominated Universe, such a PBH formation would occur at the time when the size of the overdense region enters the Hubble horizon. Then, the formation probability of PBHs, directly corresponding to the PBH abundance, depends on the statistical property of the primordial fluctuations on super-horizon scales. In particular, PBH might be formed at a rare peak, and then the formation probability is sensitive to the tail of the probability density function (PDF) of the primordial fluctuations. Still, there is no strong evidence of the existence of PBHs, and we have only upper limits for their abundance obtained from various observations (see e.g., Refs. [64, 65] and references therein). The observational constraints on the PBH abundance are translated into the upper bound on the amplitude of the primordial density fluctuations (see e.g., Ref. [66] ), also with taking their non-Gaussian property into account (see e.g., Ref. [67] ).
Incidentally, the anisotropic stress of PMFs can also induce the primordial curvature perturbation on super-horizon scales before the neutrino decoupling. When the amplitude of PMFs is sufficiently large, the induced curvature perturbations also have large amplitude, and subsequently, PBHs are overproduced. In principle, we can place the upper limit on the amplitude of PMFs through the resultant abundance of PBHs. To do so, we have to carefully study the PDF of the primordial curvature perturbations induced by PMFs. Even if PMFs obey the exact Gaussian statistics, the anisotropic stress of the PMFs is given by the square of the magnetic field, and hence, the sourced curvature/density fluctuations must follow non-Gaussian statistics. To obtain the exact PDF of the sourced density fluctuations, we perform the Monte-Carlo method by following Ref. [68] . The relation between the amplitude of PMFs and the PBH abundance is firstly investigated in the following sections. This paper is organized as follows. In Sec. 2, we discuss the statistical properties of the density perturbation induced by PMFs. In particular, since such density perturbations obey highly non-Gaussian distribution, we use the Monte-Carlo method to obtain the PDF based on Ref. [68] . In Sec. 3, we relate the PBH abundance to the amplitude of PMFs by assuming the delta-function type power spectrum. With the current upper limit on the PBH abundance, we give the upper limit on PMFs. Finally, we devote Sec. 4 to the summary of this paper. Throughout the paper, we will work in units c = = 1.
Super-horizon primordial curvature perturbations from PMFs
In this section, we discuss the statistical property of the initial density perturbations induced by PMFs, which strongly affects the PBH abundance. In particular, the PBH abundance is related to the probability density function (PDF) of the density fluctuations. As we will see later, such density perturbation does not obey the Gaussian distribution, and as a result, the resultant abundance of PBHs is non-trivial.
It is known that PMFs create two kinds of curvature perturbation; passive magnetic mode and compensated magnetic mode. The passive mode arises on both super-and subhorizon scales, while the compensated mode is generated on only sub-horizon scales [41, 47] . In the PBH formation during the radiation-dominated era, the perturbation on the horizoncrossing scale is crucial. Therefore, it is sufficient to focus on only the passive mode. In the following section, first of all, we review the curvature perturbation generated from PMFs during the radiation dominated era [41] .
Passive curvature perturbation
Before the neutrino decoupling, the non-negligible anisotropic stress of PMFs contributes to the total energy-momentum tensor of the Universe. Although it is compensated by arising the anisotropic stress of neutrinos after the neutrino decoupling, the scalar part of the anisotropic stress due to PMFs is a source of the curvature perturbation. Resultantly, the curvature perturbation can grow between the epochs of the PMF generation and the neutrino decoupling even on super-horizon scales. At a conformal time η during this growing regime, the superhorizon (kη 1) curvature perturbation on comoving slice induced by the anisotropic stress of PMFs is given in Fourier space as [41] 
where R i represents an energy fraction of the i-component in the total radiation defined as
, ν (neutrinos)) and η ν and η B respectively represent the neutrino decoupling and the PMF generation epochs in terms of the conformal time. In the equation (2.1), Π B represents the scalar part of the anisotropic stress of PMFs, which is defined as
Here ρ γ,0 is the photon energy density at the present, and B(k) is the Fourier component of comoving PMFs, which corresponds to the PMFs at the present epoch after evolving adiabatically since the generation as proportional to ∝ a −2 with a scale factor a.
Since we suppose that B(k) is a random Gaussian field, the statistical property of the PMF B(k) is completely given by the power spectrum
where δ 3 D (k) is a Dirac delta function and P B (k) stands for a power spectrum of PMFs. In the followings, we investigate the statistical property of the density perturbations from the passive curvature perturbation based on Eq. (2.4).
Density perturbations and their statistical properties
The PBH formation is relevant to the density perturbation at the horizon crossing scale. On comoving slice, up to the linear order the connection between the density perturbation and the curvature perturbation during the radiation dominated era is given by
where H and a are a Hubble parameter and a scale factor at η, respectively. During the radiation-dominated era, it can be roughly considered that PBHs are formed by the gravitational collapse of overdense region soon after the size of the overdense region reenters the horizon. Thereby, the mass of the formed PBH is characterized by the horizon scale at that moment. We introduce the smoothed density perturbations over the comoving radius R given by
where, we use the Gaussian window function for smoothing in this paper:
Later, we will take the smoothing scale R to be the comoving horizon scale at the PBH formation in the evaluation of the PBH abundance.
Mean and dispersion
In this section, let us discuss the statistical property of the smoothed density perturbation given in Eq. (2.6). First, we show the mean value of the density perturbation. With Eqs. (2.1)-(2.3), the mean value of the curvature perturbation induced by PMFs in the real space vanishes, ζ B (x) = 0, and thereby, the mean of density perturbation is zero. This is due both to the divergence free nature of magnetic fields and to the property of the projection tensor on the scalar mode. Note that this result is different from the property of the curvature perturbation induced by the second-order primordial gravitational waves discussed in Refs. [68, 69] .
Next, we focus on the dispersion of the density perturbations. According to Eqs. (2.5) and (2.6) , in terms of the primordial curvature perturbations, the dispersion is given by 1
where we define the dimensionless power spectrum, P ζ B (k, η), of the curvature perturbation as
Combining Eqs. (2.1), (2.3), and (2.9), the dimensionless power spectrum of the passive curvature perturbation is obtained as
(2.10) where µ =k ·k 1 and we define the configuration kernel as
Throughout this paper, for simplicity, we focus on the delta-function type power spectrum for PMFs given by
Then, we obtain the dispersion of the smoothed density perturbation for the delta-function type power spectrum as
(2.13)
One of the crucial physical quantities for the PBH formation is the dispersion of the density perturbations smoothed over the horizon scale, that is, R ∼ (aH) −1 = η, evaluated at the horizon crossing time. Taking η = R in Eq. (2.13), we obtain the dispersion σ 2 δ B (R, η = R) as a function of only k p R and plot it in Fig. 1. From Fig. 1 , the dispersion has a peak at k p R ≈ 0.9872.
This fact enables us to conclude that, when the PMF has the delta-function power spectrum with the peak wavenumber k p , PBHs are mainly produced by the corresponding conformal time η = R ≈ 0.9872/k p , which is roughly equivalent to the horizon crossing time for the scale k = k p . We will therefore focus on the PBH formation at only this conformal time satisfying η p = 0.9872/k p for different k p . 
Probability density functions
For the Gaussian density perturbations, the PBH abundance should be determined only by the ratio between the critical density and the dispersion of the density perturbations. However, since the statistics of the density perturbations induced by PMFs is highly non-Gaussian, we should discuss their PDF for the more precise estimation of the PBH abundance. We use the Monte-Carlo method by following Ref. [68] to estimate the PDF of the smoothed density perturbation. The details of the method are presented in Appendix. A. Based on Appendix. A, we perform approximately 10 11 realizations and obtain the PDF shown in Fig. 2 . Since we are not interested in the mathematically exact form of the PDF in order to obtain the upper limit on PMFs, we find and use the asymptotic behavior as the black dashed line in Fig. 2 , which is given by a linear in log-space as P MC (x = δ B /B 2 δ ) ∝ e a|x| for 0 |x|. We use this asymptotic fitting function on 0 |x|. On the other hand, the intermediate part, x ≈ 0, is interpolated by using the central value of the numerical realization.
For comparison, we plot the Gaussian distribution with the same dispersion σ ≈ 1.06 × 10 −6 as in Eq. (2.13) in the gray line. The effect of the non-Gaussian effect appears on the tail part in both the overdensity and underdensity side.
Results
In this section, following the previous section we evaluate the PBH abundance, and based on the result, we show our main results of the upper limit on PMFs.
Abundance of PBHs
For the PDF of the density field P (δ), the fraction of the energy density collapsing into PBHs with M at the formation time can be estimated as where we use the critical value δ c = 0.4 following Refs. [72, 73] . The mass of PBHs are related to the horizon mass at the formation time as (e.g. Ref. [74] )
where η M is the formation time of the PBH with mass M , and g * and γ are an effective degrees of freedom for energy density and a numerical factor which links the formed PBH mass with the horizon mass, respectively. As already discussed in the previous section, the delta-function type power spectrum with the peak wavenumber k p produce PBHs most effectively at η p . The corresponding mass of those PBHs are obtained by substituting η M = η p = 0.987/k p into Eq. (3.2) as
In the followings, we will use this mass relation for each k p . Denoting the density parameter of PBHs with mass M over logarithmic mass interval d ln M by Ω PBH (M ), the current fraction of the total dark matter abundance in PBHs is given by (e.g. Ref. [74] )
Now we obtain f (M p ) for PBHs due to the passive mode of PMFs. Substituting the PDF obtained from the Monte-Carlo method, P MC , given in the previous section 2. Eq. (3.1) , we obtain f (M p ) including the non-Gaussian effect of the curvature perturbations. In Fig. 3 , we show f (M p ) as a function of the amplitude of PMFs: B δ .
To clarify the non-Gaussian effect induced by PMFs on the PBH formation, we show f (M p ) obtained with a Gaussian PDF of the density perturbation as
In the case of the Gaussian PDF, the fraction of the Universe collapsing into primordial black holes of mass M p is given with the complementary error function erfc(x) as
where we define the dispersion by using Eq. (2.8) as
For comparison, we show the result with the Gaussian PDF as the dashed line in Fig. 3 . Since the non-Gaussian PDF obtained by the Monte-Carlo method has broad distribution compared with the Gaussian PDF even for the same dispersion, the PBH abundance is strongly enhanced than that with he Gaussian PDF. In other words, when we use the Gaussian PDF given in Eq. (3.5) with the dispersion Eq. (3.7) , the predicted abundance might be underestimated. We find that, independently of k p , when the magnetic field amplitude is larger than B δ ≈ 184 nG, the PBH fraction f (M p ) exceeds unity. Therefore, we obtain the simple but robust constraint on the delta-function type PMFs, B δ 184 nG for all k p .
Constraining PMFs from the PBH abundance
Currently, β(M ) and/or f (M ) are well constrained by a number of observations. We relate the upper limit on the PBH abundance with mass M to that on the amplitude of PMFs with the Here, we fix η B /η ν = 10 −12 . We also show the previous upper limits: direct detection measurements of gravitational wave background by current and future PTAs such as SKA and eLISA [59] , magnetic reheating [80] , BBN [35] and CMB distortion [52] .
peak wavenumber k p which is given in terms of M through Eq. (3.3). In this paper, we use the observed constraint on β(M ) and f (M ) as follows: BBN constraint for 10 −24 M PBH /M 10 −18 [64] , the evaporating effect on CMB anisotropies for 10 −20 M PBH /M 10 −18 [64] , the evaporating effect of the light PBHs on the extragalactic gamma-ray for 10 −19 M PBH /M 10 −16 [64] , the femtolensing observation for 10 −16 M PBH /M 10 −14 [75] , the microlensing observations with Subaru Hyper Supreme-Cam for 10 −11 M PBH /M 10 −5 [76, 77] , the microlensing observations with EROS/MACHO for 10 −7 M PBH /M 10 1 [78] , OGLE 5-year microlensing events for 10 −6 M PBH /M 10 −3 [77] , and the accretion effects on the CMB spectrum and temperature anisotropy for 10 2 M PBH /M 10 8 [64, 79] .
We show the constraint on the amplitude of the delta-function type PMF power spectrum in Fig. 4 . Note that on the PBH mass window between 10 −14 M PBH /M 10 −11 , we use the fact that the PBH abundance does not exceed the current total dark matter abundance, i.e., f (M ) ≤ 1. For comparison, we present other current and future constraints on PMFs. Whereas the direct detection measurements of gravitational wave background by PTAs (blue solid and orange dashed lines) provide the stronger constraints than the ones from PBHs, these mass ranges are very limited. Currently the PBH constraint provides the tightest constraints on small-scale PMFs in the wide range of scales.
Summary
In this paper, we investigated the primordial black hole (PBH) formation from the density perturbation generated by primordial magnetic fields (PMFs). In the early universe, even on the super-horizon scales, the additional curvature perturbation is generated from the anisotropic stress of PMFs, which is called the passive mode. The large amplitude of PMFs results in that of the curvature perturbation, or equivalently, that of the density perturbation. If such density perturbation has sufficient amplitude to produce PBHs, we can exploit the upper limits on the PBH abundance to constrain the amplitude of PMFs. In the standard picture of the PBH formation, we assume that the probability density function (PDF) follows the Gaussian statistics. However, since the source of the density perturbation is the anisotropic stress of PMFs which is square of the magnetic field, in our case, the density perturbation must be non-Gaussian. Therefore, we have to take into account the non-Gaussian effect for the PBH formation.
We carefully estimated the PDF by using the Monte-Carlo method based on Ref. [68] . By assuming the delta-function type power spectrum for PMFs, we simulated the values of the density fluctuations in a thin spherical shell in the Fourier space. Thereby, we found that the distribution of the density perturbation is a broader distribution than the Gaussian distribution. According to the results of the Monte-Carlo simulation, we can relate the amplitude of magnetic fields to the current abundance of PBHs due to PMFs, including the non-Gaussian effect.
Finally, we found that, if the amplitude of PMFs is larger than B δ ≈ 184 nG, the PBH abundance exceeds unity. This upper limit is independent of the wave number of the PMF power spectrum. We conclude that the amplitude of PMFs should not exceed this constrained value on all scales. In addition, we used the observational upper limit on the PBH abundance which has been constrained on a broad mass range, i.e., 10 −24 M/M 10 7 , and thereby we obtained the tighter constraint. As a result, the amplitude of PMFs is constrained as a few hundred nano-Gauss on 10 2 Mpc −1 ≤ k ≤ 10 18 Mpc −1 shown in Fig. 4 . These results are the strongest upper limit on small scales, where other cosmological observations must be insensitive. The results might be helpful to distinguish the origin of magnetic fields from a number of magnetogenesis models.
where we define the polarization vectors with respect to the wave vector:
Then, the polarization vectors satisfy the followings
In this notation, imposing the reality condition to PMFs, the Fourier modes of PMFs satisfy the following relations:
Then the density perturbation defined in Eqs. (2.1), (2.3), and (2.5) is given by
where we define
The expression of Eq. (A.5) in real space with smoothing over the radius R is given by
(A.8) The corresponding discrete expression is given by δ B (η, x = 0; R) = (dk) 6 (2π) 6 r,s=+,× k i ,k j ∈S W (|k i + k j |R)B r (k i )B s (k j )G rs (η, k i + k j , k i ) , (A.9) where S is the set of the grid points inside the spherical shell because we are focusing on the delta-function type power spectrum given in Eq. (2.12).
Here, we decompose the Fourier component B r (k) as following: The dispersion of a r and b r is given by
where dk = k p is the interval between two neighboring grid points and determines the thickness of the spherical shell. We use = 0.05, and we check that this value gives converged result. Then, by performing same calculation in Ref. [68] , we obtain the density fluctuation in the discrete expression as a t = σ −1 (a + (k 1 ), a + (k 2 ), · · · , a + (k N ), a × (k 1 ), a × (k 2 ), · · · , a × (k N )) , (A.15) Note that N is the total number of grid points inside the spherical shell and in the current parameter settings, 4N ≈ 10 4 . Finally, we diagonalize the 4N × 4N matrix and the density perturbation is formally written as
where a i are the eigenvalues of the matrix and x i are the independent Gaussian random variables with dispersion being unity. In order to obtain the PDF of the density perturbation, we use the Monte-Carlo method to Eq. (A.19) by diagonalizing the 4N ×4N matrix Eq. (A.14).
